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Abstract We provide a formulation of stochastic volatility (5V) based on Gaussian pro-
cess regression (GPR). Forecasting volatility out-of-sample, both simulation and empirical
analyses show that our GPR-based stochastic volatility (GPSV) model clearly outperforms
SV and GARCH benchmarks, especially at long horizons. Most importantly, our approach
enables the straightforward incorporation of arbitrary covariates without requiring the
specification of functional forms a priori. Augmenting the GPSV model with exogenous
variables increases its performance even further. In particular, a simple set of covariates
reduces the error rate on one-year out-of-sample forecasting during the 2007-09 recession
by 26% relative to a benchmark range-based SV model.

Keywords Bayesian volatility models; Stochastic volatility; Macro-finance variables; Gen-
eralized autoregressive conditional heteroscedasticity models; Long memory in volatility;
Multifactor volatility.

*We would like to thank Carole Bernard, Peter Christoffersen, Adlai Fisher, and participants at the 2012
IFSID’s Conference on Structured Products and Derivatives for insightful comments. Thanks to the Institut de
Finance Mathématique de Montréal (IFM2) for financial support.



Contents
1 Introduction

2 Dynamic Volatility Models
2.1 Dynamic Volatility and the Daily PriceRange . . . . . . ... ... ... ...
2.2 A Range-Based Stochastic Volatility Model . . . ... ... ... .......
221 ABD’sTwo-ComponentModel . . . . ... ... ... .. .......
2.3 A Range-Based GARCH Volatility Model . . ... ... ............
231 Two-Component REGARCHModel . . ... ... ... ........

3 Gaussian Processes and Stochastic Volatility
3.1 Basic Concepts for the RegressionCase . . . .. ... ... ... .......
3.2 Modeling Stochastic Volatility with Gaussian Processes . . . . ... ... ..
321 Two-Component GPSVModel . . ... ... ... ... .........
3.3 Optimization of Hyperparameters . . . ... ... ... ............

4 Simulation Analysis
41 Recovering Underlying Volatility . . . . ... ..................
4.2 Performance Measures . . . . . . . . . v it e
4.3 Performance Comparison on Data Simulated with ABD’s SV Models . . . .

5 Empirical Analysis
5.1 Results without Explanatory Variables . . . . ... ... ... .........
52 Adding Explanatory Variables . . . . ... ... ... ... ... .. ... ...
5.3 Results with Explanatory Variables . . . . ... ... ... .. ... ......

6 Conclusion
Appendix

A Predictive Distribution
A.1 Stochastic Volatility with One Component . . . . . .. ... .. ... ... ..
A.2 Stochastic Volatility with Two Components . . . . . ... ... .. ... ...
A.3 REGARCH Volatility with One Component . . . . ... ... ... ......
A4 REGARCH Volatility with Two Components . . . . ... ... .. ... ...

B The Covariance Function of the Ornstein-Uhlenbeck Process

Figures and Tables



1 Introduction

Forecasting asset price volatility at long horizons is a challenging task. Accurately forecast-
ing volatility has, for some time, been thought to be feasible only at short horizons (West and
Cho 1995; Christoffersen and Diebold 2000). Yet, recent work by Brandt and Jones (2006)
and Engle, Ghysels, and Sohn (2013), amongst others, show that respectable long-horizon
forecasts can be obtained by using, in the words of Brandt and Jones, “less misspecified
volatility models and more informative volatility proxies.” This paper pushes this logic
further by showing how a Bayesian regression treatment of volatility enables high-quality
long-horizon forecasts at manageable computational cost.

Our contribution is threefold. First, on the methodological front, we frame volatil-
ity modeling as a regression problem by recognizing the link between classical stochastic
volatility models, combined with range-based volatility measurements, and estimation
techniques from the field of Bayesian nonparametrics. A second methodological contribu-
tion is to show how to provide arbitrary covariates for volatility forecasting in a nonpara-
metric setting, without having to specify a priori the functional forms incorporating them.
Finally, we show the empirical benefits of being able to engage in a quasi-analytical, fully
Bayesian treatment, without the complexities of MCMC inference, along with the greater
estimation stability brought forth by this approach on long-horizon volatility forecasts. Our
empirical results also show that GPR-based stochastic volatility (GPSV) models can fruitfully
exploit the informational content of different economic variables to better forecast volatility.

Spawned by Schwert’s (1989) seminal paper, a large body of literature now exists to
understand the determinants of asset price volatility and how they can be incorporated
within models to improve forecasts. The impact of macro-finance variables on volatility
has been studied in a variety of frameworks including that of Flannery and Protopapadakis
(2002), who use a number of dummies and macroeconomic observables that impact both
the conditional expected return and variance, or in the MIDAS-GARCH model of Engle,
Ghysels, and Sohn (2013), using distributed lags of mixed sampled macroeconomic data.
Studies by Engle and Rangel (2008), Corradi, Distaso, and Mele (2013), and Dorion (2012)
also suggest that the use of various macroeconomic indicators can improve the forecasting
ability of volatility models.!

In all cases, explicit functional forms and concomitant parametrization need to be

specified to accommodate explanatory variables, and all sources of nonlinearity must be

! At the intraday frequency, an equally important body of literature studies seasonalities in intraday volatil-

ity, in the footsteps of Andersen and Bollerslev (1998).



chosen by the econometrician. As additional variables and corresponding parameters are
added, the estimation of such models is increasingly challenging. Moreover, with more
complexmodels, parameter estimation uncertainty compounds when making long-horizon
forecasts and may become significant relative to process uncertainty, severely impacting
accuracy.?

This paper aims to address both the explanatory variable issue and estimation stabil-
ity difficulty by placing volatility modeling and forecasting in a nonparametric Bayesian
regression framework. To this end, we principally call upon the technique of Gaussian
process regression (GPR), which has become well established over the past fifteen years in
the fields of nonparametric Bayesian statistics and machine learning.> A Gaussian process
(GP) is a (possibly uncountably infinite) collection of random variables, any finite number
of which have a joint Gaussian distribution. Regression with Gaussian processes relies on
an appealingly simple application of Bayes’ rule: it starts by assuming that the function
to be modeled belongs to a class of functions characterized by a GP, which constitutes a
functional prior distribution. When combined with a likelihood function obtained from
observed data, we form a posterior distribution over functions that are, in a sense, “com-
patible” with the observed data. Moreover, if the data likelihood is Gaussian, then the
posterior is itself a GP, whose distribution at a finite number of points can be computed
analytically by simple matrix operations.

There exists an intimate connection between GPs and stochastic volatility. In those
models, it is often assumed that the (log-)volatility follows an Ornstein-Uhlenbeck (mean-
reverting) process. This process is a GP, whose covariance function belongs to the so-
called Matérn class (Matérn 1960). While Robinson (2001) establishes clear links between
stochastic volatility models and the study of the associated Gaussian process covariance
function, estimation and forecasting in a nonparametric Bayesian regression framework is
virtually absent from the stochastic volatility literature.

There is, of course, a vast literature on Bayesian estimation of parametric volatility

2See Stambaugh (1999), Barberis (2000), Hoevenaars, Molenaar, Schotman, and Steenkamp (2011), and
Pastor and Stambaugh (2012) for insightful discussions on the potential impact parameter uncertainty in
forecasting applications.

3Gaussian process regression, as used in this paper, is closely related to the technique of “kriging” originally
developed in geostatistics (Matheron 1973; Cressie 1993; Stein 1999). Helpful references include, amongst
many others, O’'Hagan (1978), Williams and Rasmussen (1996), and Rasmussen and Williams (2006). The
mathematical theory of Gaussian processes is developed in any number of textbooks, e.g. Adler and Taylor
(2007).



Gaussian Process x Gaussian a Gaussian Process
Prior Likelihood Posterior

Ornstein—Uhlenbeck process * Range- Based historical * Fitted h|stor|ca| volatility
(Matérn covariance function) volatility measurements = Volatility forecasts
= Other volatility covariates (incl. confidence bands)

Figure 1: Summary of the proposed Bayesian volatility modeling technique, illustrating how Gaussian
process regression combines the various ingredients being combined by the application of Bayes’ rule. A

Gaussian process prior combined with a Gaussian likelihood yields an analytical Gaussian process posterior.

models, starting with the seminal papers of Jacquier, Polson, and Rossi (1994), and Kim,
Shephard, and Chib (1998). Most of these approaches involve, in estimation or forecasting,
a variant of Monte Carlo Markov Chains (MCMC). Despite the powerful theoretical appeal
of the Bayesian framework, this approach to stochastic volatility has not been widely
adopted, in part due to the complexity and the computational burden associated with
MCMC.

However, MCMC would be unnecessary if the prior and likelihood formed a conjugate
pair (Figure 1). For volatility modeling with GP priors, this appears—at first—unlikely,
since the usual volatility proxies such as (log) absolute or squared returns are highly non-
Gaussian. Fortunately, as usefully pointed out by Alizadeh, Brandt, and Diebold (2002),
there does exist a volatility proxy that is so nearly normally distributed that it can, for all
intents and purposes, be taken as such: the log price range, computed as the logarithm of the
difference between the high and low log-prices during a day (or other time period).* The
present paper uses the range as a key ingredient in a Bayesian model of volatility: by virtue
of their near normality, range-based measurements yield a Gaussian likelihood function,
which is conjugate to the GP prior already at the heart of a great number of stochastic
volatility models. Hence the “Bayesian loop” can be closed, and efficient inference—when
compared to MCMC at least—carried out.

An additional benefit is to easily incorporate any number of additional volatility co-
variates into a single coherent framework. Using futures data on the E-mini S&P 500, we
compare the out-of-sample volatility forecasts of the SV, GARCH and GPSV models. The

models are estimated using daily range data, and their out-of-sample forecasts are eval-

*Range-based techniques have been shown by Garman and Klass (1980) and Parkinson (1980) to be more
statistically efficient for volatility estimation than squared returns, and have been applied to stochastic volatility
and GARCH models respectively by Alizadeh, Brandt, and Diebold (2002) and Brandt and Jones (2006).



uated against the evolution of the five-minute realized volatility, which is derived using
high-frequency stock market data. Without resorting to any observables, the GPSV model
outperforms standard SV and GARCH models at forecasting over long horizons. When
seasonality and macro-finance variables are accounted for, the forecasting accuracy of the
augmented GPSV model, one day to one year ahead out of sample, becomes significantly
better.

This article is organized as follows. We review standard dynamic volatility models
in Section 2 along with related properties of the range. Section 3 provides an overview
of the theory behind Gaussian processes, and links dynamic volatility processes to the
Matérn covariance function, illustrating how they can be employed to build GPSV mod-
els. Section 4 presents the results of a simulation study to establish that GPSVs perform
comparably to established filtering techniques when the underlying volatility generating
process is known. In Section 5, we turn to the estimation and forecasting of volatility on
actual stock market data and show that, in this context, GPSV models significantly outper-
form established models, particularly when additional macro-finance variables are used.

Section 6 concludes and suggests avenues for future research.

2 Dynamic Volatility Models

Volatility of financial asset prices is now widely accepted to be time-varying and mean-
reverting, and while it is highly volatile, it is also highly persistent; that is, the covariance
Cov(d?, afﬂ.) decays slowly with j. While GARCH models (Engle 1982; Bollerslev 1986)
acknowledge this issue, they rely on the assumption that shocks to asset prices and asset
volatilities arise from a single source, yielding a measurable volatility process. In contrast,
stochastic volatility (SV) models posit that, while they can be correlated, these shocks arise
from two different sources. Volatility is thus an unobservable process driven by non-
measurable shocks.” The typical approach to SV models involves parameters describing
the speed of mean reversion, the mean-reversion level and the volatility of volatility.

This paper considers the use of a GP representation of such a volatility process. Be-
fore doing so, however, this section reviews recent advances in the estimation of dynamic
volatility models, namely the use of range-based estimators, and describes two bench-

marks, one from the stochastic volatility family and one from the GARCH family.

50On stochastic volatility, see Ghysels, Harvey, and Renault (1996), Shephard (2004) and Andersen, Bollerslev,
Christoffersen, and Diebold (2006).



2.1 Dynamic Volatility and the Daily Price Range

Alizadeh, Brandt, and Diebold (ABD, 2002) demonstrate that the daily (log-) price range,
defined as

re = log (hy — Iy) = log (log H; — log L), (2.1)

where i; and [; respectively are the logarithm of the highest (H;) and lowest (L;) price taken
by an asset on day ¢, is a highly efficient, approximately-normally-distributed proxy of
volatility. Consequently, they advocate its use in the estimation of a standard stochastic
volatility model. Building on ABD’s results, Brandt and Jones (2006) compare the use of
absolute or squared returns to the range-based estimation of a variety of GARCH models.
The models estimated using the range dominate their return-based counterparts both in
terms of in-sample fit and, most importantly, in terms of their ability to precisely forecast
volatility out of sample.

The theory behind these results is as follows. Consider a driftless Brownian motion
x with constant diffusion coefficient o and let r; = log ( SUpg_s, X(t) — infoct<r x(t)) be the
range over a finite interval of length 7.57 Assuming that x(0) = 0, the density of r; is given
by
k?e= ke’
a—ﬁﬁb(m),
where ¢(-) is the standard normal density (Alizadeh, Brandt, and Diebold 2002; Feller

1951). Under the above process, it can be shown that the first four moments of the range

P(relo) =8) " (-1)!
k=1

over the time interval T are given by

E [r:]
Var (7;)

043+ 1logt +1logo, Skew(r;)
0.084, Kurt(r;)

0.17,
2.80.

(2.2)

Quite remarkably, the variance, skewness and kurtosis of the range distribution are inde-
pendent of ¢ and interval length 7.8 Moreover, both the skewness and kurtosis are very
close to those of a normal distribution. Hence, given an observed range r., one can use
the quantity r, — 1log7 — 0.43 as an unbiased and approximately-normally-distributed

estimator of log o.

®In the context of an analysis of daily returns, the assumption of a constant diffusion coefficient, o, amounts
to assuming that volatility is constant throughout a day.

"Throughout this paper, we use subscript ¢ for discrete time indices and parentheses, (t), for continuous
time.

¥Note that, using a nonparametric estimator of volatility occupation times, Li, Todorov, and Tauchen (2012)

document empirically that the interquartile range of log volatility is unrelated to the level of the volatility.



Moreover, the daily range is a much less noisy volatility proxy than absolute or squared
returns (Parkinson 1980; Andersen and Bollerslev 1998), and is robust to market microstruc-
ture noise (ABD 2002). Given these features, the range proves valuable in the estimation

of volatility models, as shown by ABD and Brandt and Jones (2006).

2.2 A Range-Based Stochastic Volatility Model

The building block of our analysis is the stochastic volatility model discussed in ABD.’
The asset price S; evolves according to a geometric Brownian motion with constant drift u
and stochastic volatility oy, the logarithm of the latter being modeled as a mean-reverting

Ornstein—Uhlenbeck process,

ds(t
Ti)) = udt + o(t) dWs(h) (2.3)
dlogo(t) = a(log & — log a(t)) dt + BdW,(b), (2.4)

where Ws(t) and W, (t) are two independent Wiener processes, log G is the mean volatility
level, a is a constant governing the speed of mean-reversion and f is the constant volatility
of log-volatility.

As financial data is observed at discrete intervals, any continuous-time stochastic
volatility model must be discretized for estimation. Considering daily data, the Ornstein—
Uhlenbeck log-volatility process of eq. (2.4) can be discretized as the following autoregres-

sive process

log o141 = logd + p-(logo; —logd) + \/?sfﬂ , (2.5)

where t is a discrete time index such that logo; = logo(tt), T = 1/252 is the fraction of a
year taken by a trading day, pr = 1 — a1, and the {¢]} are uncorrelated standard normal
variates.

The volatility process in (2.5) can be estimated based on the following observation

equation

re =logoy + E [r; —log o¢] + v/ Var (ry) €} , (2.6)

where log 0; is the latent state and ¢} is the observation noise. The bias and variance of ; as

alog-volatility proxy (i.e. the expectation and variance terms in (2.6)) are given analytically

° As pointed out by Brandt and Jones (2005), ABD'’s specification yields a discretized volatility model that is
also studied in Duffie and Singleton (1993), Gallant, Hsieh, and Tauchen (1997), Harvey, Ruiz, and Shephard
(1994), Jacquier, Polson, and Rossi (1994), Kim, Shephard, and Chib (1998), and Taylor (1994).



in (2.2). The observation equation (2.6) together with the transition equation (2.5) form a
linear dynamical system for which the Kalman smoother (Kalman 1960; Hamilton 1994)
provides a likelihood function that can be used to obtain maximum-likelihood estimates
of log g, and pT.lo The Kalman smoother is also used to extract the latent log-volatilities
in sample.

As shown in Appendix A.1, given a set of parameters and latent state estimates based
on the information up to time ¢, this model implies a joint normal predictive distribution
for observations beyond the last observed one, with mean vector and covariance matrix

elements given by

Et [log ot14] = log & + pf (Bt [log a;] ~ log 5) 27)
1= p2k
1-p7 ) '

Cov; (log o4k, 10g 0tim) = p’f’m Var; (log o) + ,Bzrp;”'k ( (2.8)

with 1 < k < m, and where E [log ;] and Var (log ;) represent the latent log-volatility

distribution at the last in-sample observation, as determined by the Kalman smoother.

2.21 ABD’s Two-Component Model

Unsurprisingly, Alizadeh, Brandt, and Diebold (2002) find that the single-component
stochastic volatility model above is severely misspecified. These results are consistent
with the growing consensus that two-factor volatility processes better capture the time-
series properties of volatility by separately accounting for transient and high-persistence
volatility shocks.!’ To overcome the misspecification of their single-component model,

ABD introduce the following two-component model, which we refer to as ABD(2),

log o1 =logd +1og oy 441 +10g 02441, (2.9)
log o1 = prclogons + prvTe], (2.10)
log 02441 = paclogons + B2 VT eg, (2.11)

where the volatility component innovations ¢, . and ¢, . are contemporaneously and

1,t+1 2,t+1
serially independent standard normal variates. ABD find that this two-component model

0Given that ¢l is assumed to be a standard normal innovation while it might not actually be, we should
properly resort here to quasi-maximum likelihood. Yet, as highlighted in (2.2), the log-range’s distribution
is very close to normal thus greatly improving the efficiency of the estimation. See Alizadeh, Brandt, and
Diebold (2002) for details.

1On two-factor models, see, amongst others, Engle and Lee (1999); Andersen, Bollerslev, Diebold, and
Ebens (2001a,2001b); Alizadeh, Brandt, and Diebold (2002); and Engle and Rangel (2008).



better describes the exchange-rate time series data than its single-component counterpart.
Moreover, ABD(2) is not rejected by the specification test rejecting the single-component
version of the model. Based on these results, we expect ABD(2) to be a much more stringent
benchmark than the single-component model.

Note that, under ABD(2), the predictive distribution of log-volatility is still a joint
normal distribution with moments, similar to those in equations (2.7) and (2.8), given in

Appendix A.2.

2.3 A Range-Based GARCH Volatility Model

The vast majority of GARCH models are specified as

S
Rii1 :=log ;1 = Upr1 + 01 €041, (212)
o =f(eh ous<t), (2.13)

where S is the asset price, and f is some parametric function of squared standardized
log-returns &2 and of past filtered volatilities. Following ABD’s work, Brandt and Jones
(2006) developed versions of the EGARCH model building on the superior informativeness
of the price range. They found all range-based models to dominate their return-based
counterparts both in and out of sample.

One of these models, very similar to ABD’s model, is the REGARCH model, a range-
based version of Nelson’s (1991) EGARCH model. The model specification is as follows,

Riy1 = 016041, €41 ~N(O,1), (2.14)
rev ~ N (0.43 +log y41,0.29%) (2.15)
¢ —0.43 — log oy

logot41 — logo; = k(0 —logoy) + ¢ +0 ¢, (2.16)

0.29

where R; is the log asset return and r; the range observed on day ¢; the normal distribution
assumption for the range is based on the results of Section 2.1.1? Estimating the model with
maximum likelihood is straightforward.

Asshownin Appendix A.3, given a set of parameters and filtered values of log-volatility
based on the information up to time ¢, this model implies a joint normal predictive distri-

bution for future log-volatility levels, with mean vector and covariance matrix elements

12Note that, here, log 0, is measured on a daily measure, i.e. logo; = log(of/252) where log of is an annualized
measure of volatility. Hence, r; — 0.43 — logo; = r: — 0.43 — log o — log 7, with 7 = 1/252, is consistent with

equation (2.2).



given by

E¢ [log o,k — 0] = p*"(log /41 — 0), (2.17)

1— pZ(k—l))

2.1
o 218)

COVt (log Gt+k, log Gt+m) = (qbz + 62) pm—k (

for 2 < k < m. Note that there is an important difference between these equations and
equations (2.7) and (2.8) obtained for the stochastic volatility model. By definition of the
model, the one-step ahead log-volatility level, log o141, is considered to be known once we
have observed R;. Hence, the model assumes that there is no uncertainty around its value
(Var; (log 0¢+1) = 0) and, consequently, a covariance of zero with any future log-volatility

forecast.

2.3.1 Two-Component REGARCH Model

Like ABD, Brandt and Jones (2006) highlight that the single-component REGARCH model
is severely misspecified and significantly outperformed by a two-component version of the
model, REGARCH(2), defined as follows:

log o141 —logozi1 = p1(logoys —logoas) + P17 + 01 €4, (2.19)
logootr1 — 0 = pa(logoz: — 0) + Pa 7 + 02 €4, (2.20)
where 7 = (r; —0.43 —logo;) /0.29. (2.21)

Asshownin Appendix A .4, given a set of parameters and filtered values of log-volatility
based on the information up to time ¢, this model also implies a joint normal predictive
distribution for future log-volatility levels, with mean and covariance much similar to those

of the single-component model (equations (2.17) and (2.18)).

3 Gaussian Processes and Stochastic Volatility

We now turn to a brief review of Gaussian process regression (GPR) and then introduce

the volatility forecasting methodology being put forward in this paper.

3.1 Basic Concepts for the Regression Case

A Gaussian process is a generalization of the Gaussian distribution: it represents a prob-
ability distribution over functions which is entirely specified by a mean and covariance
functions. Borrowing the definition from Rasmussen and Williams (2006), we formally

define a Gaussian process (GP) as follows:



Definition A Gaussian process is a collection of random variables, any finite number of

which have a joint Gaussian distribution.

Let x € RP index into the real process f(x).!> We write

where functions M(-) and K(-, -) are, respectively, the mean and covariance functions:

M(x) = E[f(x)],
K(x1,x2) = E [(f(x1) — M(x1)) (f (x2) — M(x2))]-

In parallel to the normal distribution, which is fully specified by a mean vector and co-
variance matrix, a Gaussian process specification only requires a mean and covariance
functions. The latter is pivotal in characterizing the behavior of functions induced by the
process, and we discuss its importance for volatility modeling in the next section.

In a regression setting, we assume that we are given an estimation sample D =
{(x;, ]/i)}f\i 1 with x; € RP a vector of covariates and yi € R an associated desired response.
For convenience, let X be the matrix of all predictor variables in the estimation sample, and
y the vector of desired responses. We further assume that the y; are noisy measurements

from the underlying unobserved process f(x):

iid

yi=f(x)+e,  with & ~ N(0,02). (3.2)

As outlined in eq. (2.2), volatility measurements obtained from the log-range are nearly
normally distributed around the true log-volatility, and hence eq. (3.2) can be assumed to
hold, with f(-) representing the underlying “true” log-volatility process, and y; derived
from log-range observations, and x (for the purposes of the present discussion) a scalar
time index.

Regression with a GP is achieved by means of Bayesian inference in order to obtain a
posterior distribution over functions given a suitable prior and an observed data sample.
Then, given new test observations, we can use the posterior to arrive at a predictive
distribution conditional on the test observations and the estimation sample: from a GP prior
and Gaussian likelihood, we obtain a posterior that is a GP; marginalizing this posterior ata

finite number of test points yields a jointly normal predictive distribution over those points.

BContrarily to many treatments of stochastic processes, there is no necessity for x to represent time; indeed,
in our application of Gaussian processes, some of the elements of x have a temporal interpretation, but most

are general macroeconomic variables used to condition the response.
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Although the idea of manipulating distributions over functions may appear cumbersome,
the consistency property of GPs means that any finite number of values sampled from the
process f are jointly normal; hence inference over random functions can be shown to be
completely equivalent to inference over a finite number of random variables.

It is often convenient, for simplicity, to assume that the GP prior distribution has a mean

of zero,*

f(X) ~ gp(ol K(r ))
Let f' = [f(x1),..., f(x)n] be the vector of (latent) function values evaluated each point of
the estimation sample. Their joint prior distribution is given by

f ~ N(0,K(X, X)),

where K(X, X); ; = K(x;, x;) is a matrix formed by evaluating the covariance function between
all pairs x;, x;. This matrix is also known as the kernel or Gram matrix. We consider the joint
prior distribution between the estimation sample and an additional set of test observations,

denoted by the matrix X., and whose unknown function values f. we wish to infer. Under
the GP, the joint prior distribution P(f, f.) between f and f, is'

- oo

We obtain the predictive distribution at the test points as follows. From Bayes’ theorem,

KX, X) KX X.)
KX, X) K(X.,X.)

the joint posterior is obtained as the product of the above prior and data likelihood

P(y|f £)P(f, £.) _ P(y|DP(, £.)
P(y) P(y)

where P(y | £, f.) = P(y|f) since, by assumption, the likelihood is conditionally independent

P(f,f.|y) =

(3.4)

of . given f and, from eq. (3.2),
ylIf ~ N(f oyln) (3.5)

with Iy the N X N identity matrix. The desired predictive distribution is obtained by

marginalizing out the latent variables corresponding to the estimation sample,

P(f.|y) = f P(f, £.|y)df = %y) f P(y | f)P(f, £.) df.

4This assumption has no bearing on the ability of the GP to represent distinctly non-zero posterior means,
as will be obvious below.
5Note that the following expressions in this section are implicitly conditioned on X and X.. The explicit

conditioning notation is omitted for brevity.

11



Since these distributions are all normal, the result of the (normalized) marginal is also

normal, and can be shown to have mean vector and covariance matrix respectively given

by

E [£.|y] = K(X., X)A y, (3.6)
Cov [f. |y] = K(X., X.) = K(X., X)AT'K(X, X.), (3.7)

with
A = KX, X) + 62Iy. (3.8)

We see from these expressions that the conditional expectation of unknown function val-
ues f, is linear in y, but nonlinear in X. Computation of A™! (or solving the associated
linear system) is the most computationally expensive step in Gaussian process regression,
requiring O(N?) time and O(N?) space.16

Note that a natural outcome of GP regression is an expression for not only the expected
value at the test points (3.6), but also the full covariance matrix between those points (3.7).
This covariance matrix is the analogue of equation (2.8) in the stochastic volatility model,
and of equation (2.18) in the REGARCH case.

3.2 Modeling Stochastic Volatility with Gaussian Processes

The first step in modeling stochastic volatility with a GPR model is to cast it in terms of a
(highly nonlinear) regression from time indices to volatility measurements obtained from
the log-range. Put differently, our estimation sample is made up of pairs O = {(t;, v;)},
where t; is a numerical time index and y; is obtained from the observed log price range at
that time, as shown next. It is significant that the formulation introduced here allows for
arbitrary time indices; they do not have to be equally spaced in time.

Rearranging ABD’s model observation equation (2.6) yields

re =logo + E [ry —logos] + \Var(r)ef, ¢ ~N(0,1) (3.9)
— r—logt—-043 =logo;+029¢;, (3.10)
= yi = f(t) + 02 el (3.11)

16 A substantial literature exists to study so-called sparse approximations for Gaussian process models, which
aim to substantially reduce the computational load at the expense of some precision; although we do not make
use of such approximations in this paper, they could be used to scale up the techniques we introduce to much

larger data sets; for good overviews, see Quifionero-Candela and Rasmussen (2005) and Snelson (2007).
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where the third line, analogous to (3.2), arises by setting y; = r;,—log 1—0.43 and f(t) = log 0.
For conciseness, we denote by t the vector of all time indices, t = [1,2,...,T]’, and by y the

desired responses,

— r1 —logt —0.43 -
rp —logt—0.43
y= i g, (3.12)
| 17 —logT 043 |

Using only the time indices t as covariates yields a GPR formulation of a standard stochastic
volatility model, which we call the basic GPSV model. We later return to the extension of

SV models obtained by adding more explanatory variables to the mix.

Choice of Covariance Function

In GPR modeling, the GP covariance function characterizes the functional prior distri-
bution. A proper choice for the covariance function is determinant for encoding prior
knowledge about the problem.'” In order to yield valid covariance matrices, the covari-
ance function should, at the very least, be symmetric and positive semi-definite, which

implies that all its eigenvalues are nonnegative,

| K@) duw duw >0

for all functions f defined on the appropriate space (e.g. RP) and measure p.

The covariance function corresponding to the Ornstein—Uhlenbeck (OU) process is a
member of a family known as the Matérn class (Matérn 1960; Stein 1999). As derived in
Appendix B, under the OU process, the prior covariance between log o4, and log ¢, can be
written as

th —t
Kou(t, t2) = 1f exp (_%) : (3.13)

The constants 7¢ and 7, are known as hyperparameters (which, in Bayesian statistics, refer
to parameters of a prior distribution): the first one governs the overall signal variance, and
the second the characteristic length-scale of variation with respect the time interval t; — .
We discuss in the next section how to choose these parameters. The important feature of
this covariance function is its stationarity: the covariance only depends on the difference

between t; and t,, and not on absolute times.

7Several splendid examples are given in Rasmussen and Williams (2006).
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Another very common choice of covariance function is the squared exponential (also

known as the Gaussian or radial basis function kernel),

u—v 2
Ksg(u,v;ne) = nyexp [—u : (3.14)
2175

The hyperparameters have the same meaning as previously.

These two covariance functions yield extremely different functional priors. Figure 1
illustrates several functions drawn from a GP, respectively under the squared exponential
and the OU covariances in one dimension. The same random numbers were used for
generating both sets, so the functions plotted with the same color are “alike” in a sense.
We note that a function under the squared exponential prior is much smoother than the
corresponding function under the OU prior; for the purpose modeling asset price volatility,
the squared exponential covariance function constitutes an ill-suited prior since it would
yield posteriors that are too smooth. For the time dimension, the GPSV model relies on the
Kou covariance function due to its relationship with standard stochastic volatility.

Moreover, we note that the sum of two covariance functions yields in turn a valid
covariance function. This allows much flexibility in specifying functional priors that are
matched to domain knowledge, for instance using an OU prior for the time dimension
as just mentioned, along with the much smoother squared exponential covariance for
incorporating other volatility covariates that can be expected to have a softer impact. We
make use of this additivity property, sometimes called “covariance function engineering”,

in section 5.2.

Forecasting with the GPR Model

Forecasting is carried out by querying the model at time indices that extend beyond the
end of estimation sample. For example, suppose that the model was estimated using data
until time T. To forecast volatility one year into the future, one simply set t* = [T+1,..., T+
252]’, and computes E [f.|y] and Cov [£.|y] as per equations (3.6) and (3.7) to obtain the
conditional volatility forecasts. This is analogous to equations (2.7) and (2.8) in the ABD

model.

A Note on Missing Values

An interesting property of the GP framework is that it accommodates missing values

straightforwardly. Indeed, vector t is in no manner required to contain consecutive time
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indices. Hence, if observation ys is missing for some date s, time s simply does not appear

in t. This is extremely convenient to deal with data sampled at different frequencies.

3.21 Two-Component GPSV Model

Since the sum of two covariance functions is a covariance function, we consider a two-
component variant as the sum of two Koy covariances, in the same spirit as the two-

component versions of ABD and REGARCH:

Kouac(t, t2) = Ky oulty, t2) + Ko ou(te, t2), (3.15)
-t
Kl,OU(tlth) = Th,f exp (—M) , (316)
n,¢
N t1 — to]
Kyou(ty, t2) = mo f exp |- e ) (3.17)

with 11 ¢ > m2,¢ to ensure that one component captures long-range volatility effects and the

other short-range ones.

3.3 Optimization of Hyperparameters

Most covariance functions, including those presented above, have free parameters — ter-
med hyperparameters — that control their shape, for instance the characteristic length-scale
1¢. It remains to explain how their value should be set.!®

An approach that is quite efficient for GPR models consists in maximizing the marginal
likelihood"® of the observed data with respect to the hyperparameters. This function can be
computed by introducing latent function values that are immediately marginalized over.
Let O the set of hyperparameters that are to be optimized; and let Kx(0) the covariance

matrix computed by a covariance function whose hyperparameters are 0,
Kx(0);; = K(xi, x;; 0).
The marginal likelihood can be written

Py |, 6) = f p(y | £, X)p(E1X, 0) df, (3.18)

8This is an instance of the general problem of model selection. For many machine learning algorithms, this
problem has often been approached by minimizing a validation error through cross-validation (Stone 1974)
and such methods have been proposed for Gaussian processes (Sundararajan and Keerthi 2001).

19 Also called the integrated likelihood or (Bayesian) evidence.
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where the distribution of observations p(y |f, X), given by eq. (3.5), is conditionally inde-
pendent of the hyperparameters given the latent function f. Under the Gaussian process
prior (see eq. (3.3)), we have f|X,0 ~ N(0,Kx(6)), or in terms of log-likelihood,

logp(f|X, 0) = —%f’K;(l(Q)f - %log |Kx(6)| — glog 2m. (3.19)
Since both distributions in eq. (3.18) are normal, the marginalization can be carried out

analytically to yield
1, 2y 1. 1 2 N
logp(ylX, 0) = =3y (Kx(6) + 03 In) 'y = 5 log |Kx(0) + oAIn| - - log2m, (3.20)

where N is the number of in-sample observations and | - | denotes the matrix determinant.

This expression can be maximized numerically to yield the selected hyperparameters:
0" = argmaxlogp(y|X, 0).
0

The likelihood function is in general non-convex and this maximization only finds a local
maximum in parameter space; however, empirically it usually works very well for a large
class of covariance functions, including those covered in Section 3.2.

It should be mentioned that completely a Bayesian treatment would not be satisfied
with such an optimization, since it only picks a single value for each hyperparameter.
Instead, one would define a prior distribution on hyperparameters (a so-called hyperprior),
p(0), and marginalize with respect to this distribution. However, for many “reasonable”
hyperprior distributions, this is computationally expensive, and often yields no marked
improvement over simple optimization of the marginal likelihood (MacKay 1999).

The gradient of the marginal log-likelihood with respect to the hyperparameters —

necessary for numerical optimization algorithms — can be expressed as

dlogp(ylX,0) 1 IKx(0) aI<x(9))

d0;

Y K:H(0) (3.21)

1 PRy
20; -2 KOy 2TI(KX =3,

See Rasmussen and Williams (2006) for details on the derivation of this equation.?’

4 Simulation Analysis

Our objective is now to demonstrate the empirical performance gains obtained by casting
stochastic volatility models in a Gaussian process regression (GPR) framework. Before con-

sidering actual market data, we here introduce some performance measures of interest and

2The software implementation of GPR models and hyperparameter optimization used for all results in this

paper is part of the excellent GPML open-source Matlab toolbox (Rasmussen and Nickisch 2010).
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consider a simulation analysis in the framework of Alizadeh, Brandt, and Diebold (2002).
Working in a simulation context, we know the underlying stochastic volatility process and
can thus straightforwardly evaluate the effectiveness of the GPR-based stochastic volatility
(GPSV) model in (i) recovering this process, given only daily price highs and lows, and (ii)
forecasting it out of sample.

We first sample daily volatilities from eq. (2.5). Then, in order to obtain daily log-range
values, we sample the log-price process s intraday using a driftless discretization of (2.3) ,

i.e. onday t
st + 1) = s(to + (n = D7) + o VT €, n=1,...,M, (4.1)

where ty = (t — 1)1 is the (continuous) time at the beginning of day ¢, {¢}} are intraday
standard normal innovations (independent of {¢? }), and 7 = 7/M. This yields M log-prices
per day, whose maximum and minimum values are used to compute r;. As parameters
for the log-volatility process, we took a = 3.855, logé = -2.5 and p = 0.75, yielding
realistic volatility dynamics, largely consistent, for instance, with those observed on foreign
exchange markets (Alizadeh, Brandt, and Diebold 2002). We used M = 5184 intraday

prices.?!

4.1 Recovering Underlying Volatility

An illustration of how well the models are capable of recovering an underlying known
log-volatility process appears in Figure 2. Both the ABD and GP models exhibit nearly
identical solutions, both on the inference of the underlying in-sample volatility and over
the forecasting period. It should be emphasized that neither model has direct access to the
underlying volatility process: on each day, they only “observe” the high and low prices.
Largely the same remark applies for the REGARCH model. The volatility filtered by
this model is not as smooth as the latent states extracted by the ABD and GP models. This
is a natural consequence of the specification of all GARCH models, which implements
filtering rather than smoothing of estimated volatilities over the sample period. Since the
one-step-ahead volatility, 0,1, is considered to be known at time ¢, the filtered state is not

revised using the information arriving after time ¢, even though this information is part

21Per five-minute period, this yields 18 prices observations. See Alizadeh, Brandt, and Diebold (2002) for a

discussion on the impact of M.
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of the estimation sample and thus available to the econometrician.?? In Figure 2, we see
that the filtered nature of GARCH volatility yields a systematic lag with respect to the true
underlying log-volatility.

Since the models cannot represent additional structure, the out-of-sample log-volatility
trajectory has the shape of an exponential reversion to the long-run mean log-volatility.
This limitation is addressed in Section 5, where we extend the covariance function of the
GPSV model to account for seasonality and macro-finance variables, enabling the model

to represent richer out-of-sample dynamics.

4.2 Performance Measures

We now introduce statistical measures allowing a comparison of the performance of the
different models in and out of sample, over 10,000 Monte Carlo trajectories. All perfor-
mance measures introduced next are computed in the log-volatility domain. A measure
of forecasting up to horizon H includes the entire subtrajectory for h = 1,...,H. In other
words, we are interested in modeling the complete future volatility trajectory rather than
a point estimate at some future horizon.

The mean-squared error (MSE) is computed between the true log-volatility (which is
known from the simulated trajectories) and the model forecast. Let t be the time at which
the forecast is made. Let log a{+h the true underlying process log-volatility for the j-th
i+h|t
some model. The MSE at horizon H is defined as

Monte Carlo trajectory, and log &, ,,, the corresponding conditional expectation given by

] _ /RN
MSEH = E(AH“) AHIt’ 4.2)
where A;ﬂt is a vector whose h-th element is given by (A{"ﬂt) = log 6{+h|t '— log O{+h' The

overall reported MSE at horizon H is the arithmetic average of all MSE}{ across Monte
Carlo trajectories.

Whereas the MSE captures the ability of a model to correctly represent the conditional
expectation, the negative log-likelihood (NLL) captures the ability of the model to assign
greater probability density to likely events. All models considered in this paper (ABD,
REGARCH, GPSV) give rise to a normal joint predictive distribution of future log volatility

221 this context, the conditional variance of 6,1 at time t is zero; in Figure 2, the uncertainty on the filtered
log-volatility at time ¢ is based on its standard deviation conditional on the information available at time t — 2

as obtained using equation (2.18).
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(see Appendix A). The NLL at horizon H for a trajectory j is

] _ 7 ¢yl 1A ]
NLLy =5 [(AHIt) () Ay +log |ZH|t| + Hlog 2”] / (4.3)

j

where Al is as previously, i

Hit
horizon H.

is the covariance matrix of the model forecasts up to

Finally, the absolute bias evaluates whether forecasts are more likely to be wrong in one

direction than another. The bias at horizon H for a trajectory j is
Y Al J
Biasy, = T Z logé,,,, —logo,,,. (4.4)
h=1

4.3 Performance Comparison on Data Simulated with ABD’s SV Models

Table 1 shows detailed performance results, averaged on 10,000 Monte Carlo trajectories,
comparing the data-generating ABD model, and the REGARCH model to the GPSV model
using the Koy covariance function.

We simulate 10,000 6-year-long log-volatility trajectories using equation (2.5). We es-
timate the (data-generating) ABD, REGARCH and GPSV models using the first 5 years
of each trajectory. Each model is then used to forecast log-volatility from one day to one
year ahead (horizon H, in business days). For each forecast, the NLL, MSE and Bias are
computed—equations (4.2) to (4.4)—and their average (and standard error) over the 10,000
trajectories is reported in the three left-hand side columns of Table 1.

Paired t-tests are performed comparing the NLL, MSE and magnitude of the bias, |Bias|,
trajectory per trajectory. In-sample, the ABD and GPSV perform comparably. As for the
REGARCH, the aforementioned lag between the filtered log-volatility and the underlying
process (Figure 2) leads to poor in-sample performance.

In terms of out-of-sample NLL, the ABD model dramatically outperforms both the
REGARCH and the GPSV model, a fact that is not surprising given that its parametric
form corresponds exactly to the data generating process. More surprising, however, is the
complete reversal in how models compare in terms of out-of-sample forecasting MSE. The
REGARCH, at most horizons, and the GPSV model, at all horizons, significantly outperform
the ABD model in terms of forecasting MSE. Given that ABD is the data-generating model,
this inferior performance with respect to MSE can only be attributed to stability issues in
parameter estimation becoming significant in out-of-sample forecasting, especially at long

horizons.
Given that the results of Alizadeh, Brandt, and Diebold (2002) and Brandt and Jones
(2006) clearly highlight the misspecification of the single-component ABD and REGARCH
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model, we repeat the above Monte Carlo experiment using ABD(2) as the data generat-
ing model. Table 2 reports the results. Once again, the data-generating ABD(2) model
outperforms alternate models both from the in-sample MSE and the out-of-sample NLL
perspective. And once more, it is significantly outperformed by GPSV(2) model in terms
of out-of-sample MSE. Hence, placing volatility modeling and forecasting in a nonpara-
metric Bayesian regression framework seems to alleviate the estimation stability difficulty

encountered in the classical framework.

5 Empirical Analysis

Obviously, the true test of a forecasting methodology is whether it can capture and exploit
empirical regularities found in actual market data. We now turn to forecasting the volatility
of the S&P 500 index. Contrarily to the previous simulation results, a practical hurdle for
comparing alternative models is that the “true” volatility of the index is unobserved; hence,
it appears that there would be no ground truth forming a basis of comparison. To sidestep
this issue, we use targets based on realized volatility, computed from high-frequency data,
which have been recognized over the past decade as providing a statistically consistent
estimate of the underlying volatility.?>

Our raw data comes from the TickData™ database and contains all futures transactions
on the E-mini S&P 500 between 1997 to 2011 (nearly 431M trades). At any given time, we
use data from the contract closest to maturity, and roll over to the next contract roughly two
weeks prior to maturity. The data is processed to extract prices at five-minute intervals, from
which intraday returns are computed.?* Realized volatility over a day is then computed
as the sum of the five-minutes returns observed during the day. The annualized realized

volatility on day t is computed as

M
RV, =252 ) 17, (5.1)
i=1

where 4 is the i-th logarithmic return during day ¢, and M is the number of returns during

the day, and 252 is the number of trading days during a year.”

BReferences on RV abound, starting with Andersen, Bollerslev, Diebold, and Ebens (2001a, 2003) and
Barndorff-Nielsen and Shephard (2002). The survey in Andersen, Bollerslev, and Diebold (2009) provide an
P y p
extensive review of the literature.
#SGee Ait-Sahalia (2005), and Bandi and Russell (2008) for discussions on the sampling frequency.
BWhile RV, is an unbiased estimator of Gf, log(\/RV,) is not an unbiased estimator of logo;. Indeed,
log ( \/RVt) =0.5log (Gf M elz) =logo; + 0.5 [log (1/M) +log (Z?ﬁl 612)] . We correct for this bias.
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It must be emphasized that realized volatility is used in this work only to evaluate
performance; it is not required to estimate the models. High-frequency data of the kind
needed to compute realized volatility does not constitute a volatility-modeling panacea: it
remains available only for a few highly-developed markets, does not have a long history,

and requires a substantial data management infrastructure.

5.1 Results without Explanatory Variables

The same performance metrics as those of Section 4 are employed. In the present case,
the target is the log-volatility computed based on (5.1), with out-of-sample data extending
from September 1997 to March 2011. The models are first estimated using five years of daily
S&P 500 data from September 16, 1992, to September 10, 1997. The models” forecasting
performance is assessed on a 252-day out-of-sample horizon extending beyond the end of
the estimation sample. Then, the estimation sample is rolled one week forward, models
are re-estimated, and new out-of-sample performance measures are computed. Table 3
reports the average of these measures for the 653 (weekly) iterations of this procedure.

Table 3 also reports paired t-tests comparing all models to the GPSV(2). The t-stats of the
paired tests are computed using Newey and West (1987) standard errors, in order to account
for the autocorrelation introduced by the overlap of the out-of-sample periods.The average
performance of the models, along the three criteria, is almost always worse than that of
our GPSV(2) model. The performance gain obtained using the GPSV(2) model is almost
always statistically significant at long horizons, especially along the NLL criterion. The
five-day- to one-year-ahead forecasting NLL of the GPSV(2) is systematically significantly
better than that of competing models. Recall that, whereas the MSE captures the ability
of a model to correctly represent the conditional expectation, the NLL captures the ability
of the model to correctly represent the conditional distribution of future volatility.?® Our
volatility model is thus able to better capture volatility expectations, but more importantly
the uncertainty about future volatility. This could prove especially useful in value-at-risk
applications or in the valuation of volatility-sensitive claims.

Note that each two-component model clearly outperforms its single-component coun-

terpart. This confirms the results of Alizadeh, Brandt, and Diebold (2002) and Brandt and

%Considering out-of-sample NLL performance, both versions of the REGARCH model perform surprisingly
poorly. While the REGARCH properly forecast trends in volatility (as per the MSE criterion), it improperly
describes the covariance structure of potential future volatility paths. As discussed along with Figure 2, the
REGARCH assumption that volatility is measurable leads to levels of variance of the log-volatility process that

are too low to properly describe the data.
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Jones (2006), and adds up to the overwhelming evidence in favor of models with two com-
ponents (Engle and Lee 1999; Andersen, Bollerslev, Diebold, and Ebens 2001a and 2001b;
Alizadeh, Brandt, and Diebold 2002; and Engle and Rangel 2008). The better performance
of the two-component models is clear along the three criteria, at all horizons from five days
and beyond.

It is worth noting that all models severely underestimate volatility at long horizons.
Pastor and Stambaugh (2012) argue that while mean reversion contributes strongly to
reducing long-horizon variance, it is more than offset by various uncertainties faced by the
investor. Our bias results suggest that the volatility models considered could be improved,
in terms of long-run forecasting performance, by accounting for the uncertainties faced by
investors; this could be done by incorporating macro-finance variables, an issue to which

we now turn.

5.2 Adding Explanatory Variables

By treating volatility as a regression problem, the Gaussian process regression (GPR) frame-
work allows the straightforward incorporation of a number of explanatory variables, a task
difficult with the Kalman filter used by traditional stochastic volatility models (including
our benchmark ABD model). These variables are important because they allow for exoge-
nous factors driving volatility, including seasonalities and macroeconomic conditions.
One of the most attractive features of the GPR framework is that it provides the ability to
incorporate domain knowledge in a principled manner via the specification of a problem-
specific covariance function. We augment the OU covariance (3.13) of the basic GPSV model
to accommodate day-of-the-week (pow) effects and macro-finance variables z, assuming

as before that t is a date index, to obtain the augmented covariance
KD,Y((t/ Z)/ (t// Z/)) = U%KOUZC(t/ t/) + n%owé(DOW(t)/ DOW(t,)) + TI%KSE(Z/ Z/)' (52)

The first term is the standard two-component OU covariance for temporal dependencies.
In the second term, the function pow(t) returns the day of the week on which date ¢ falls,
and 6(i, j) is a Kronecker delta taking value one iff i = j and zero otherwise. The purpose
of this term is to potentially introduce additional covariance (thence a prior for increased
similarity, depending on the magnitude of n,,w) between the observations at dates t and
t’ if they fall on the same day of the week. The third term incorporates macro-finance
variables via a smoother similarity measure induced through a squared exponential prior.
All hyperparameters {1, Npow, 1z} are estimated using the optimization technique outlined

in section 3.3.

22



The macro-finance variables z used in this paper are:

e BY;: US. government bond yield;

e DY;: Long-run (10-year smoothed) U.S. equities earnings yield;
e EY;: Long-run (10-year smoothed) U.S. equities dividend yield.

In the above notation, the vector of observables is thus z = (BY;, DY}, EY;)’. The data is
sourced from Robert Shiller’s meticulously-maintained historical data about the US market
(Shiller 2005). We label GPSV(D,Y) this variant of the GPSV model. Versions with day-of-
the-week only or yields only are respectively labeled GPSV(D) and GPSV(Y).

A difficulty must be addressed when contemporaneous volatility covariates are consid-
ered in a regression setting: in order to make a forecast of volatility, a separate forecast of
those covariates must be carried out as well. To avoid undue complexity, we resort in this
paper to a simplyfying assumption and make only a constant forecast, i.e. we repeat the
last-known value of each of the above covariate throughout the forecasting horizon. This
constancy assumption is what led us to choosing relatively slow-varying “yield” covariates
in our experiments. One can obviously envision a more comprehensive approach, which
would involve making separate forecasts for each covariate (including associated forecast-
ing uncertainty) and using those within the GPR model. Although efficient approaches
have been proposed to incorporate covariate uncertainty into the GPR framework (Girard

2004), we consider these to be out of the scope of the present paper.

5.3 Results with Explanatory Variables

Within the settings used to obtain the results in Table 3 (Section 5.1), we compute out-
of-sample forecasting NLL, MSE and Bias measures for three simple, augmented models.
Results are reported in Table 4.

Accounting only for the day-of-the-week effect, the GPSV(D) significantly outperforms,
according to the three criteria, the benchmark GPSV(2) model in terms of one-day-ahead
forecasts. On the other hand, the GPSV(D) systematically and significantly underperforms
at long horizons. These results are intuitive since the day-of-the-week effect is most likely
to impact forecast performance only at short horizons.

The GPSV(Y) model accounts for the current bond yield, dividend yield, earnings
yield. The GPSV(Y) improvements over the benchmark GPSV(2) model are modest. How-

ever, combining the day-of-the-week seasonality with the set of exogenous variables, the
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GPSV(D,Y) model yields interesting improvements. Long-horizon gains in NLL are statis-
tically significant, but the gains in terms of MSE are not. This suggests that this particular
set of exogenous variables helps better describing the distribution of future volatility, but

not due to better capturing conditional expectations.

A Time Series Perspective

These results must however be interpreted with caution. Figure 4 unfolds, for the ABD(2),
GPSV(2), and GPSV(D,Y) models, the weekly error measures summarized by the one-year-
ahead measures in Table 4. This figure reports one-year out-of-sample forecasting bias
(top row) and MSE (middle row) for the ABD(2), GPSV(2) and GPSV(D,Y) models. It is
important to note that each performance measure is reported at the last date included in the
out-of-sample period it corresponds to. The forecast that yield the error measure reported
at time ¢ is thus made one year earlier, with the information at time t — 252. Grey-shaded
periods are NBER recessions. In all series, the end of the most recent recession marks a
significant change in how the alternative models compare.

The upper row report weekly log-volatility biases. The three models underestimate
volatility to some extent from 1997 to 2003. During the period of low volatility between
2004 and 2007, this figure is reversed and all models overestimate volatility. Then, as
volatility rises entering in the last recession, underestimation is again prevalent. The
middle row displays how these forecasting errors translate in terms of MSE.

The bottom row of Figure 4 reports the MSE reduction obtained by using the GPSV(2)
model rather than the ABD(2) model (left), GPSV(D,Y) rather than GPSV(2) (middle), and
GPSV(D,Y) rather than ABD(2) (right). To complement these plots, Table 5 provides ratios
of each model’s MSE against the MSE of the GPSV(D,Y) model. These ratios are reported
for the full sample (Panel A) and for four different subsample (Panels B to E).

As can be seen in the lower-left plot of Figure 4, from Sept. 1997 to Nov. 2001, the
GPSV(2) model consistently outperforms the ABD(2). On average over this period, the
one-year out-of-sample MSE of the latter model is 35.6% higher than that the GPSV(2)
model (1.60/1.18, Table 5, Panel B). Nonetheless, the GPSV(D,Y) further improves on the
GPSV(2), reducing the error by 18%. Note that beyond the one-day horizon, no model
outperforms the GPSV(D,Y) at any horizon.

During the relatively calm period between the two recessions in our sample, MSE
differences in Figure 4 are dwarfed by the amplitude of the MSE differences in the later
recession. Yet, variance ratios of the ABD(2) and GPSV(2) are respectively 1.10 and 1.03.
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Thus, substantial performance gains are obtained by casting the stochastic volatility model
in a GPR framework, and moderate incremental gains are obtained by accounting for
exogenous variables. Over this period, no model consistently outperforms the GPSV(D,Y)
at any horizon.

The greatest performance gains occur during the 2007-2009 recession. Once again,
beyond the one-day horizon, no model consistently outperforms the GPSV(D,Y) at any
horizon. Biases are sizable for all models during this period. However, the variance
ratios of the ABD(2) and GPSV(2) are respectively 1.26 and 1.06 during this period. That is,
forecasting (log-) volatility using the GPSV model augmented with a naive set of exogenous
variables led to one-year out-of-sample forecasting errors 26% smaller than the errors made
with the two-component model suggested by ABD. Moreover, given the results of Alizadeh,
Brandt, and Diebold (2002), we can assume that their two-component model is of the most
stringent benchmarks in this class of model.

These results are however in stark contrast with those obtained as volatility declines
at the end of the recession. Interestingly, as the bias of the ABD(2) model narrows down
to zero (Figure 4, upper left), that of the GPSV model with exogenous variables increases
sharply to reach its worst levels. As noted earlier, the error measures reported at time ¢
are based on forecasts made the year before, at time t — 252. In Figure 4, a dashed line
marks the date of the last error measure based on forecasts made during the recession. It is
interesting to note how the end of the relative under-performance of the GPSV(D,Y) model
coincides with this date (lower-right panel).

Finally, it is worth keeping in mind the remarks of section 5.2 regarding the treatment
of covariates over the forecasting horizon: in all cases, the “yield” covariates are kept at
their last-known values at the time of making the forecast. It is sensible to suspect that
covariates embedding expectations about the future yield values may lead to increased
performance. Alternatively, modeling the dynamics of the exogenous variables and using
the forecasts, accounting for uncertainty, would constitute a promising avenue for further

refinements.

6 Conclusion

In this paper, we provide a formulation of stochastic volatility (5V) based on Gaussian
process regression (GPR), a flexible framework for nonparametric Bayesian regression.
This allows us to benefit from the tools developed in the GPR literature and apply these to

the estimation and forecasting of volatility processes.

25



Part of our contribution is to show how to provide arbitrary covariates for volatility
forecasting in a nonparametric setting, without having to specify a priori the functional
forms incorporating them. Using a GPR-based stochastic volatility (GPSV) model aug-
mented with a simple set of covariates, we obtain volatility forecasts that are significantly
better than with the range-based SV model put forward by Alizadeh, Brandt, and Diebold
(2002), at all horizons, from one-week- to one-year-ahead out-of-sample. In particular, dur-
ing the 2007-2009 recession, the augmented GPSV model leads to one-year out-of-sample
forecasting errors 26% smaller than the errors made with the benchmark range-based SV
model.

Our work suggests several avenues for future research. First, as seasonalities and
macro-finance covariates can straightforwardly be dealt with in a GPR framework, the
methodological framework put forth in this paper could prove to be a powerful tool to
investigate the links between stock market volatility and economic activity.

A time series analysis of the relative performance the augmented GPSV model high-
lights that the accuracy of long-horizon volatility forecasts could be improved by account-
ing for forecasts of the macro-finance variables themselves. Another promising avenue for
further refinements would be to use the GPR methodology put forward here to model the
dynamics of the exogenous variables and using the forecasts, accounting for uncertainty,
to predict the main volatility process.

Finally, the ability to accurately forecast volatility over long horizons could prove
highly relevant in pricing long-term derivative contracts and assessing the long-term risk

exposures of complex portfolios.
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APPENDIX
A Predictive Distribution

A.1 Stochastic Volatility with One Component

In the SV1 model, log-volatility follows equation (2.5), which is equivalent to
log g1 — log & = p.(log o — logd) + BVt €Y, . (A1)

The value of the log-volatility process two steps ahead can thus be written

log ot — logd = p:(log o —logd) + vt &y (A.2)
= pr [pT(log o; —logd) + BV €f+1] +pVTel,, (A3)
= p2(logo; —logG) + \E(etﬁz + pTe‘t’H) (A4)

If we have thatatt + k

k
log 014 — logd = pk(logo; —log ) + B \/EZ pli_]etﬂ' (A.5)
j=1

then at f + k + 1 we have

k
log 044k+1 — logd = p; [p’;(log ot —loga) + \/?Z p];_/etﬂ'] +BVTEl, (A.6)
j=1
ko
= p*1(logo; —log ) + VT [sf”m + pr Z pT’eH]-] (A7)
j=1
k+1 )
= p5l(logor —loga) + BVT Y pr ers;. (A8)
j=1

Hence, by induction, (A.5) holds for all k > 1. Taking the expectation at time ¢ on both sides yields

equation (2.7). To obtain equation (2.8), simply note that, assuming k < m, we have

Cov; (log 044k, 10g 0 4m)

k m
= Covi| pflogo; + pVt Z P e, pllogar + B \/?Z p;"_jetﬂ-] (A9)
j=1 j=1
k k m
= p’f’” Var; (log o) + ﬁz’[ Cov; [Z p];_jetﬂ' , 2 pyT"_jEHj + Z pf["_jetﬂ-] (A.10)
=1 =1 j=k+1
k k-1
= p¥*" Var, (log o;) + 27 Z plfmfzj = " Var, (log oy) + >t Z plrm=2k=n (A.11)
j=1 n=0

1—p%k)

A2
1-p3 (A1)

k-1
= P54 Var, (log ar) + frpl™* Y g2 = p" Var, (log ) + ﬁ%pz"-k(
n=0
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where Var; (log 0;) is obtained via the Kalman filter. If this estimation error werenull, i.e. Var; (logo;) =

0, the correlation between the two next log-volatility levels would be given by

2 1-p?
PP (H’? ) _ P

Corr; (log 044+1,10g 0142) = = . (A.13)
2
1-p? 1-pt 1+p2
() o))
A.2 Stochastic Volatility with Two Components
In the SV2 model, we have

log o1 — logd = log 01,141 +1og 02,441 (A.14)
= p1,rlogois + p1 \/%sim + p2rlogoas + B2 ‘/%Srzj,m . (A.15)

By induction, we can show that

k k
_ k=j -j
log otk —loga = pf  log o1 + ph  log s + P \/?Z P1L €L+ Ba \/EZ p;Tjez,H]- . (A.16)
= =

Taking conditional expectations on both sides yield
E; [log 6t+k] = logd + p]{ﬂ E: [logo1,] + p’éﬂ E; [logoa,] , (A.17)

where the [E; [log ap,f] is given by the Kalman filter. The covariance between two future observations,

k < m, is given by
Covt (log 011k, log atm)

k k
_ k k k=j , k=j ,
= Cov; (pLT logois + p;  logozs + p1 vt Z Py ELt+j + P2 \/?Z Do €244f
j=1 j=1

m m
Pl logar + ph' logaas + B VT Z P1e €1+ P2 VT 2 Prlenng) (A1)

j=1 j=1
1— kaT 1- PZkT
= p’f’Tm Var; (log o1,) + .B%T.Oﬂ_k (1 ; ] + P?rm Var, (log 02) + ﬁnggT_k (1 ; ] '
- pl,T B pZ'T
+(Phep3c + pilph ) Covi(logas, logony). (A1

where Var; (log o,,,t), p=1,2,and Cov; (log o1, log 02,t> are obtained via the Kalman filter.

A.3 REGARCH Volatility with One Component

We can rewrite equation (2.16) as

logow — 0 =p(logo; —0)+ P +d¢, (A.20)
ry — 0.43 — log o¢
0.29

where p=(1-x) and # = ~ N<0.43 +log at+1,0.292) . (A.21)
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As opposed to (A.1), the above value of log 0,1 is not a random variable at time ¢, given that r; and

&; are observed. Hence, equation (A.5) into

k-1 k-1
log oty — 0 = p(log o — 0) + ¢ Z PR+ 0 Z P e (A.22)
j=1 =1
Taking the expectation on both sides at t yields
E; [log ok — 0] = pk_l(log o1 — 0) (A.23)

much alike equation (2.7). To obtain an equation analogous to (2.8), we have that,

Cov; (log o144, 10g Ot1m)

k=1 k=1 m—
. 5 )
= Cov; [% Z P T + o Z pen, % Z o+ = Z p" ]€t+]J , (A.24)

where we use the fact that, in GARCH filtering, log 0,1 is known. Using the fact that 7, and ¢; are

iid standard normal, and assuming 2 < k < m, we have that

Covt (log 011k, log 0t.m)

= —Covt [Zp ]T’t+], Zp _]rtﬂ] + —Covt [Z pk_ Erej, Zp ]atﬂ] (A.25)

/=1 =
_ (ﬂz kz" kem=2j z kz“ ktm-2j  _ ( ¢*? 22) v plm=20n=k) (A.26)
=1 =1 n=1
= (<P2 + 52) prk-2 v p = (¢2 + 62) Pk (1 152;:1)) (A.27)
n=1
The correlation between the two next log-volatility levels is given by
(¢ + ) p_l(%) p
Corr; (log o142, l0g 0143) = [((Pz N 52) p—zp(zl(i_;f;:) ((Pz N 52) - P(Zl(:;;)]l 7= m . (A.28)
A.4 REGARCH Volatility with Two Components
Similarly to the one-component case, we can rewrite equations (2.19) and (2.20) as
log o141 =logoots + prlogors —logoay) + P17 + 01 &, (A.29)
logoz41 — 0 = pa(log oz — 0) + P 7 + 02 €4, (A.30)

where p; = 1—x«;. Note that these two equations hold at any time ¢; thus, we can write, for any k > 2,
log 01 t+k = l0g 02 44k + p1(10g 01 t+k-1 — 10g 02 14k-1) + P1 Frak—1 + 01 Ervk—1, (A.31)
& log otk — 0 =log ok — 0 + p1(log 01 p1k—1 — 108 02 4k—1) + P1 Feak—1 + O1 Eprk—1, (A32)

= pa(log oz 11%-1 — 0) + p1(log o1,11k-1 — 10g 02 1x-1)

+ P1 Prak—1 + 01 Ersk—1 + P2 Frop—1 + 02 Epp1 - (A.33)
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Proceeding recursively, this equation becomes

log ok — 0 = p~ (log 02,441 — 0) + pr 7 (log 01 441 — log 02,441)

k-1 k-1 k-1 k=1
k—1-j - k=1-7 k—1—7_ kelei
+¢1Zp1 ]7f+j+51291 ]€t+j+¢’ZZP2 ]I’t+]' +622P2 ]EH.]' (A.34)
=1 j=1 j=1 =1

Taking the expectation on both sides at t yields

E;[log o1k — 0] = pg_l(log o241 — O0) + p’{‘l(log 01,041 — 10g 02,441)

(A.35)

which is such that, when k tends to infinity, E; [log 0+.«] tends to 6. For the covariance, we have

Covi (log 01,44k, 108 01 t4m)

¥ k-1 . b k-1 . 5,
- . 2 —j
= Covy| — E [l ]rH +— E p et+~ +— E P ]rH + = 0, Ete
p1 4 j j 02 - 2 j 02 - 2 jr

.M§

Cov; (log 01,44k, 10g 01 4+m)

2 k=1 2 k-1 k=1
(P m+k 2j m+k 2] 192 k—j m—j m-j k—j
+ P1 Py tP1 Py

p1 j= 1 —1 p1p2 =1
— k-1 k-1
5 v 5 5162
-1 m+k=2j  ~2 m+k—2j 1 m—j m—j k—j
=) MR D W T o Z PP
P13 P23 =1
2 2\ k-1 2 2\ k-1
1 61 m+k—2j (1)2 62 m+k—2j
==+ p +—=+—= p
2 2 1 2 2 2
P P)3A P2 P2/ T

(zbl(PZ 6162) = k—j m—j m-j k-j
+ +— +
(Plpz p1p2 ;‘pl P2 TP P2

e P1—P1 - Py~ Py
-t ()
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P1pP2 P1pP2
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+prp8) Y (pip2)”
j=1

2k
ke P1 Pl N mk—| P2~ P2
= (o1 +8%)p “[ ) ¢+ 6 ( ]
(1 1) 1 1—P1 (2 ) 1-— P
m ~k m—k+1

Plpz T P1 Py~ P1P;
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(;/)1 m—j~ 61 m—j
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Using the fact that 7; and ¢; are iid standard normal, and assuming 2 < k < m, we have that

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)



B The Covariance Function of the Ornstein-Uhlenbeck Process

This appendix shows how to derive the covariance function of the Ornstein-Uhlenbeck process
from its stochastic differential equation specification. It relies on the Wiener-Khintchine theorem,
which states that the power spectral density of a stationary process and its covariance function are
Fourier transform pairs. We start by explaining how to calculate the power spectrum.

The Fourier transform and inverse transform of a process X(t) are respectively given by

00

X(s) = f ) X()e 2™t dt  and  X(H) = f X(s)e*™ st ds, (B.1)

where the integrals, assuming they exist for process X(t), are interpreted in the mean-squared limit.
For a stationary process, we compute the power spectral density from the expected second-order

moments of the Fourier transform as,
E [X()X(s2)] = f f E [X(1)X"(t)] e 250 222 dt diy, (82)

where x* denotes the complex conjugate of x. For a stationary process, we rewrite E [X(¢1)X"(f,)] as

k() using the change of variables 7 = t; — t,, yielding

00

E[X(1)X (s2)] = f k(t)e 17 dt f e 2mis1—s2)i g, (B.3)

o0

= 5(51)6(51 - Sz), (B.4)

where S(s1) is the power spectral density of process X(t), and the Dirac delta is obtained from
5(s) = [0 o:o e~ 2mistdt,
Now consider a first-order Gaussian process X(t) evolving according to

dX(t) +aX(t)dt = bdW(t), (B.5)

where W(t) is a Wiener process and the parameters a and b are assumed suitably chosen to ensure
stationarity. In the case of the log-volatility process (2.4), it is a simple matter to to find a and b to
match the process specification (and without loss of generality, shifting the process to give it a mean
of zero).

Denote by X(s) and W(s) respectively the Fourier transform of X(t) and W(t). Note that since
complex exponentials are eigenfunctions of the differential operator, we have that dX(t) = 27is X(s).

The Fourier transform of process (B.5) is obtained as
(2mis + a)X(s) = bW(s). (B.6)

From (B.4), the expectation of the complex conjugate of this expression yields the power spectral

density of the process

(2mis + a)(2mis + a)' E [X (1)K (52)] = PP E [W(s) W' (s2)].
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Since the power spectral density of white noise is 1, a comparison with eq. (B.4) yields the power

spectrum of X(t),
bz
(4m2s2 + a2)’

Taking the inverse Fourier transform (B.1) yields the covariance function k(t)

S(s) =

2

k(t) = s—ae*“'f'. (B.7)
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Figures and Tables

Figure 1: Trajectories drawn from the GP prior with squared exponential and Ornstein—-Uhlenbeck covariance
functions

20

>

Left: Random functions drawn from the GP prior with the squared exponential covariance (ny = n; = 1).
Right: “Same functions” under the Ornstein—Uhlenbeck covariance (= 1,1, = 1)
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Figure 2: Recovery of a known latent volatility process by the ABD, EGARCH and GP models.

—— ABD log-volatility
— True log-volatility

Log Volatility

—— REGARCH log-volatility
—— True log-valatility

Log Volatility

—— GP log-volatility
—— True log-volatility

Log Volatility

The last one of 5 in-sample years is shown, along with a 3-month forecast (beyond the thick vertical lines).
Shaded regions enclose a 95% confidence interval.
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Figure 3: Realized Volatility Series
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This figure plots the realized volatility series used as target in the empirical analysis. Although it is used in
the log-volatility domain, the series is graphed in the annualized volatility domain, taking the square root of
RV in equation (5.1). The realized volatility series is on average 7.3% below the VIX, and both series have a
correlation of 82.5%.
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Table 1: Results based on data simulated using the ABD model.

Average and Std. Error

Paired t-test vs ABD

ABD REGARCH GPSV REGARCH GPSV
In-sample MSE (in bps) 68.73 133.23 68.69 -64.50 0.03
(0.63) (1.40) (0.64) (-56.48) (0.58)
In-sample Bias (in bps) 11.94 13.72 11.68 -0.09 0.12
(7.54) (7.58) (7.54) (-0.20) (0.88)
Out-of-sample NLL H1 -0.76 1.69 0.15 -2.45 -0.91
(0.01) (0.05) (0.03) (-54.89) (-37.89)
H5 -7.22 -0.67 -5.93 -6.55 -1.29
(0.02) (0.11) (0.03) (-65.05) (-52.54)
H 10 -15.30 -8.54 -13.61 -6.76 -1.69
(0.02) (0.11) (0.04) (-66.73) (-64.44)
H21 -33.07 -25.86 -30.51 -7.21 -2.57
(0.03) (0.12) (0.04) (-69.82) (-74.94)
H 63 -101.01 -92.08 -95.07 -8.93 -5.94
(0.06) (0.15) (0.09) (-77.83) (-72.30)
H252  -406.71 -390.04 -385.61 -16.68 -21.10
(0.13) (0.28) (0.34) (-79.83) (-65.12)
Out-of-sample MSE H1 126.79 125.55 125.55 1.24 1.25
(in bps) (1.55) (1.54) (1.54) (15.90) (18.15)
H5 165.06 163.84 163.76 1.22 1.30
(1.90) (1.89) (1.90) (14.78) (18.64)
H10 210.13 209.01 208.80 1.12 1.33
(2.38) (2.37) (2.37) (11.89) (17.98)
H21 293.67 292.72 292.15 0.96 1.52
(3.25) (3.24) (3.23) (7.72) (17.46)
H 63 500.85 500.83 498.24 0.02 2.61
(5.12) (5.12) (5.08) (0.07) (17.01)
H 252 718.82 722.55 715.65 -3.72 3.17
(5.10) (5.16) (5.07) (-8.19) (11.72)
Out-of-sample Bias H1 243.26 232.37 236.70 4.56 5.05
(in bps) (10.99) (10.96) (10.95) (12.79) (16.41)
H5 242.61 231.02 236.35 4.66 524
(11.90) (11.87) (11.86) (13.35) (18.09)
H10 234.28 221.85 228.35 3.68 4.66
(12.99) (12.97) (12.95) (10.47) (16.80)
H21 227.38 213.23 221.98 2.69 421
(14.77) (14.76) (14.73) (6.97) (15.12)
H 63 185.80 166.00 180.54 -0.04 5.65
(18.02) (18.04) (17.96) (-0.07) (15.16)
H 252 67.73 32.66 53.57 -7.25 7.93
(17.41) (17.52) (17.33) (-6.99) (11.50)

We simulate 10,000 6-year-long log-volatility trajectories using equation (2.5). We estimate the (data-generating) ABD,
REGARCH and GPSV models using the first 5 years of each trajectory. Each model is then used to forecast log-volatility
from one day to one year ahead (horizon H, in business days). For each forecast, the NLL, MSE and Bias are computed—
equations (4.2) to (4.4)—and their average over the 10,000 trajectories is reported in the three left-hand side columns
of the table. The standard error of the mean is reported in parentheses. The last two columns report paired t-tests
results comparing the NLL, MSE and magnitude of the bias, |Bias|, trajectory per trajectory, reporting the difference as,
[:)’1000 MSEQBDJ - MSEEPSVJ . Positive entries thus indicate that the model outperforms the benchmark; the

1 1
-8+ 10,000 Zj

t-statistics are in parentheses and are bold whenever the difference is significant at the 5% level.
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Table 5: GPSV(D,Y): Out-of-sample forecasting MSE ratios.

Panel A: Full sample, from 1998/09/11 to 2011/03/14

ABD ABD(2) REGARCH REGARCH(2) GPSV GPSV(2)
H1 1.09 1.02 1.00 1.02 1.02 1.02
H5 1.40 1.01 1.01 1.07 1.02 1.01
H10 1.54 1.02 1.02 1.08 1.02 1.01
H21 1.64 1.04 1.03 1.09 1.03 1.01
He63 1.64 1.14 1.12 1.12 1.11 1.04
H 252 1.32 1.17 1.14 1.04 1.13 1.02

Panel B: From 1998/09/11 to 2001/11/27

H1 1.22 0.98 0.98 0.97 0.99 0.98
H5 1.83 1.03 1.03 1.00 1.04 1.01
H10 2.06 1.04 1.05 1.01 1.05 1.03
H21 2.19 1.08 1.10 1.04 1.09 1.05
He63 2.04 1.25 1.27 1.13 1.27 1.12
H 252 1.91 1.60 1.60 1.06 1.62 1.18

Panel C: From 2001/12/03 to 2007/11/28

H1 1.07 1.03 1.00 1.03 1.02 1.02
H5 1.17 1.01 1.00 1.09 1.00 1.00
H10 1.23 1.01 1.00 1.10 1.00 1.00
H?21 1.27 1.03 1.00 1.09 1.00 1.00
H 63 1.30 1.07 1.00 1.11 1.02 1.02
H 252 1.19 1.10 1.00 1.15 1.04 1.03
Panel D: From 2007/12/05 to 2009/06/30

H1 0.85 1.05 1.03 1.09 1.05 1.07
HS5 1.09 1.02 1.02 1.14 1.03 1.03
H 10 1.16 1.01 1.02 1.15 1.03 1.02
H21 1.22 1.02 1.03 1.16 1.02 1.01
H 63 1.30 1.10 1.10 1.11 1.06 1.01
H 252 1.28 1.26 1.29 1.01 1.18 1.06
Panel E: From 2009/07/07 to 2011/03/14

H1 1.10 1.03 1.02 1.03 1.03 1.06
H5 1.42 0.98 0.98 1.07 0.99 1.01
H 10 1.63 1.00 0.99 1.07 0.99 0.99
H21 1.87 1.03 1.02 1.10 1.00 0.99
H 63 1.91 1.17 1.13 1.11 1.12 1.02
H 252 1.04 0.79 0.77 0.86 0.76 0.77

This table reports, for each alternate model, the ratio of the its out-of-sample forecasting MSE to that of the
GPSV(D,Y) model, at various horizons (H).
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