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Markov Decision Problems
• Discrete-time system evolving according to

xt+1 = ft(xt, ut, wt)

• Current state: xt Action: ut Disturbance: wt

• At each step, incur a cost gt(xt, ut, wt)

• OBJECTIVE: minimize the total expected cost (over, in this set-
ting, the finite horizon t = 1, . . . , T ):

J∗
0 (x0) = min

u1,...,uT−1

E
w1,...,wT−1

[
gT (xT ) +

T−1∑
t=1

gt(xt, ut, wt)

∣∣∣∣∣x0
]

Dynamic Programming
• The finite-horizon problem solved with Bellman’s recursion:

J∗
T (xT ) = gT (xT )

J∗
t (xt) = min

ut
E
wt
[gt(xt, ut, wt) + J∗

t+1(ft(xt, ut, wt))]

• Equivalent to shortest-cost path in the state-action graph:

States
(portfolio positions)

Actions
(portfolio changes)

Time

Portfolio Optimization
• Goal: manage a portfolio (e.g. stocks, futures)

• We can invest in a universe of M assets

• State: xt = (nt,1, . . . , nt,M , pt,1, . . . , pt,M), where

– nt,i ∈ Z: number of shares of asset i held
– pt,i ∈ R+: price of asset i at time t

• Possible actions: ut ∈ ZM , i.e. buy or sell an integral number of
shares (short positions allowed)

• The cost gt(xt, ut) at time t is the $ amount required to carry out
ut (i.e. establish the desired position), accounting for transac-
tion costs and market slippage

• This cost function yields the highest-profit portfolio

Problem: Additive Utilities
• In portfolio allocation, we wish to maximize expected utility

• Dynamic programming works for additive utility functions,
where the total utility can be expressed as a sum of individual
(timewise) utilities

• However, many useful risk-averse utility functions in finance
must take the entire trajectory into account, for example the
Sharpe Ratio (average excess return divided by standard devi-
ation of returns), or statistics that consider the maximum draw-
down (relative loss between the maximum and minimum port-
folio values at any point during the investment horizon)

Proposed Solution: Rescoring
• We assume that given a trajectory, we can efficiently compute any util-

ity function of interest

• Idea in a nutshell: we extract a large number of “good” trajectories
under the wrong utility function, and we rescore (re-rank) them under
the desired utility. For convenience, call the first one the source utility,
and second one is called the target utility

• In portfolio management, the source utility is the maximal profit; the
target utility is generally a risk-adjusted measure such as the Sharpe
Ratio or the Sortino Ratio

• Significantly, the target utility needs not be additive; any path-
dependent utility function can be used

• This idea is used successfully in speech recognition [2]

The Controller Big Picture
Original optimization 

problem

Reduced-dimension
and simplified utility 
function DP problem

Find K best trajectories in 
reduced problem

Rescore trajectories w.r.t. to 
original problem; find best 
trajectory after rescoring

Train supervised learning 
algorithm with action labels 

from rescored trajectory

Enumerating the k-Shortest Paths
• We rely on the efficient Recursive Enumeration Algorithm recently pro-

posed by Jimnez and Marzal [1]

• Let πk(v) denote k-th best path ending at vertex v and starting at con-
stant vertex s, and let Lk(v) denote its length; similarly, we denote by
L(π) the length of path π

• Let Γ−1(v) denote the predecessors of v in the graph; moreover, denote
by π · u the operation of path extension, i.e. path π extended to vertex u

• As explained in [1], this algorithm relies on a generalization of Bell-
man’s recursion, wherein, for all v ∈ the graph V ,

Lk(v) =

{
0, if k = 1 and v = s;

minπ∈Ck(v)L(π), otherwise;

πk(v) =

{
s, if k = 1 and v = s;

arg minπ∈Ck(v)L(π), otherwise;

where if k = 1 and v ̸= s, or k = 2 and v = s, then

Ck(v) = {π1(u) · v : u ∈ Γ−1(v)};

otherwise, if u and k′ are the vertex and index, respectively, such that
πk−1(v) = πk′(u) · v, then

Ck(v) =
(
Ck−1(v)− {πk′(u) · v}

)
∪ {πk′+1(u) · v}

Rescoring Example
• Four assets (futures on BritishPound, Sugar, Silver, HeatingOil); allow

from −3 to +3 shares of each asset in portfolio; maximum variation of
+1 or −1 share per time-step; proportional transaction costs of 0.5%

• Extract the best 2.5 × 106 paths under the “Terminal Wealth” utility,
rescore under the “Average Return” and “Sharpe Ratio” utilities; 30-
time-step price history

figure not recovered
(asset_prices)

figure not recovered
(positions_max_e)

figure not recovered
(positions_max_sharpe)

More on k-Shortest Paths
• Intuition: keep all partial results from first-best-path algorithm (e.g.

Dijkstra). Second best path to xt is obtained from the best of: (i) best
path to non-best predecessor {C1, C2, . . . , }, (ii) Second best path to best
predecessor Y (recursively).

• Efficiently enumerating the actions: from a vertex xt, the action (position
delta vector) yielding the best absolute return to xt+1 is that having the
largest dot product with the asset return vector from t to t + 1. Hence,
by enumerating the actions in order of decreasing dot product with
the return vector rt+1, we can achieve significant pruning in the action
enumeration.

Original optimization 
problem

Reduced-dimension
and simplified utility 
function DP problem

Find k best trajectories in 
reduced problem

Rescore w.r.t. to original 
problem; find best trajectory 

after rescoring

Train supervised learning 
algorithm with action labels 

from rescored trajectory

Fig. 1. (Left) Summary of the proposed algorithm for finding good trajectories under
a non-additive utility function. (Right) Intuition behind the recursive relationship
underlying the REA K-best-paths algorithm; see text for details.

labels found by the K best paths are either discarded (speech) or not used
beyond proposing alternative hypotheses (NLP). In particular, no use is made
of the rescored trajectories for training a controller.

Recent publications in the reinforcement learning literature have explored
the idea of converting a RL problem into a supervised learning problem [11].
However, all of the proposed approaches so far have focused on staying within
an additive utility function framework and assume the presence of a generative
model to construct trajectory histories.

3 Enumerating the K Best Paths

We rely on a very time- and memory-efficient implementation of the Recursive
Enumeration Algorithm (REA) of Jiménez and Marzal [10]. This algorithm can
be made very effective by implicitly constructing a path from its differences with
a previous path. It builds upon a generalization of Bellman’s recursion of eq.(3)
to a statement of optimality of higher-order paths in terms of lower-order ones.
Although the precise algorithm statement is not repeated for space reasons, an
intuition into the algorithm’s working can be obtained from Figure 1 (right part):

– Suppose that the best path to a vertex xt ends with · · · − Z − Y − xt.
– According to the REA recursion, the second best path up to xt is given

by the best of:
1. Either the first best path up to the immediate predecessors of xt,

namely the candidate vertices {C1, C2, C3}, followed by a transition to
xt.

2. Or the second best path up to Y , followed by the transition b to xt.
The second best path to Y is found by applying the algorithm recursively.

figure not recovered
(state_action)

Utility Versus Path Index
Correlation structure of utility functions for the sample price history:

Terminal Wealth Avg. Return Sharpe Ratio
Terminal Wealth 1.00 0.36 0.13
Avg. Return 0.36 1.00 0.45
Sharpe Ratio 0.13 0.45 1.00

Asset Allocation Experiment
• Four assets (futures on FeederCattle, Cotton, Corn, Silver); allow from
−1 to +1 shares of each asset in portfolio; proportional transaction
costs of 0.5%

• Compare (i) return forecasting models (target is the 10-day ahead 22-day
asset returns) against (ii) optimal decision under Sharpe Ratio utility func-
tion (target is −1/0/ + 1 as determined from rescoring)

• Forecasting model is Kernel Ridge Regression:

f (x) = k(x,xi)(M + λ I)−1y

where k(x,xi) is the vector of kernel evaluations of the test vector x
against all elements of the training set xi, M is the Gram matrix on the
training set, and y is the matrix of targets. Used a Gaussian kernel with
σ = 3.0 and fixed λ = 10.0.
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